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Initially Stressed Mindlin Plates

E.J. BRUNELLE*
Rensselaer Polytechnic Institute, Troy, N.Y.

AND

S. R. ROBERTSONT
Ballistic Research Laboratories, Aberdeen Proving Ground, Md.

Equations of motion for a transversely isotropic plate in a general state of nonuniform initial stress where the
effects of transverse shear and rotary inertia are included are derived by two methods. The first method is to
perturb the nonlinear equations of elasticity by an incremental deformation. The resulting equations are linearized
and integrated through the thickness of the plate to obtain the plate equations. The second method is to derive
nonlinear equations of motion for a thick plate variationally by Hamilton’s principle. These equations are then
perturbed and suitably linearized to obtain the same equations as were obtained by the first method. A reduced set
of equations for a thin plate are also given. Finally, the thick plate equations are solved for a simply supported
rectangular plate in a state of uniform compressive stress plus a uniform bending stress both acting in the same

direction.

I. Introduction

WO methods are employed to derive the governing equa-

tions of a transversely isotropic plate in a general state of
nonuniform initial stress where the effects of transverse shear and
rotary inertia are included. The first method uses the nonlinear
equations of elasticity given in terms of Trefftz stress components
and material coordinates.! 2 These equations are perturbed by an
incremental deformation.> The resulting equations are sub-
sequently linearized and simplified by dropping products of
incremental stresses with incremental and initial displacement
gradients. Following the procedure used by Mindlin* when he
derived the equations for a thick plate, the linearized perturbed
equations are integrated through the thickness of the plate.
The incremental deformation is assumed to obey Hooke’s law
so that by assuming a displacement field that accounts for
transverse shearing* the initially stressed plate displacement
equations can be found.

Because the equations were found to differ in some respects
from a previous formulation® in addition to giving seemingly
clearer expressions for the boundary and lateral loading terms
a variational derivation of the equations was also performed.
The variational procedure used is based on Hamilton’s principle
and is similar to that used in Ref. 5 except that no terms are
dropped unnecessarily and the Trefftz definition of stress is used
throughout rather than a mixture of definitions. The procedure
consists of deriving nonlinear equations for a thick plate that are
subsequently perturbed and linearized. The resulting equations
are the same as those obtained by the first method.

As an aside, the equations for a thin plate in a state of initial
stress are obtained by simplifying the equations for an initially
stressed thick plate in an appropriate fashion.

The equations for an initially stressed Timoshenko beam have
been derived by Brunelle® who used the method of integrating
the plane stress equations for a perturbed elastic body through
the thickness of the beam. They agree with the equations given
in this paper when the present equations are one-dimensionalized
to conform to the beam problem.

The equations for the initially stressed thick plate were applied
to a simply supported rectangular plate subjected to uniform
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in-plane compression (or tension) and a uniform bending stress
acting in the x;-direction. The characteristic equation for
determining natural frequencies and buckling loads is given.
Varying the parameters in the characteristic equation three
stability problems were considered, a thin plate subjected to
uniform compressive stress, a thick plate subjected to uniform
compressive stress and a thick plate subjected to uniform com-
pressive and bending stresses.

The equations derived here can be used to study non-
conservative as well as conservative stability and dynamic
problems for sundry states of initial stress. In Ref. 6 results are
given for a number of conservative and nonconservative buckling
and vibration problems for an initially stressed Timoshenko
beam that are useful in understanding the equations for an
initially stressed thick plate.

1L
The equations of equilibrium in component form can be
expressed in terms of Trefftz stress components as’

0
a;. [(5js+ aus/axj)o-ij*] FX*=0

Nonlinear Equations

(1)

where the x; are material (Lagrangian) coordinates that originally
coincided with a spatial (fixed) Cartesian coordinate system. The
u, are Cartesian components of the displacement vector given
with respect to the spatial coordinate system. The Trefftz stresses
o,;* are components of the stress vector taken with respect to
undeformed areas and resolved along material coordinates using
the lattice vectors (0r/0x;, r being the position vector) rather
than unit vectors. The Trefftz stresses are symmetric,

@

The X,* are the body force components referred to the spatial
frame per unit of initial volume. §;; is the Kronecker delta

* *
o;* =0y

€

A repeated index implies summation over the range of the index.
For notational convenience a comma preceding an index
implying partial differentiation with respect to the appropriate
material coordinate will be used in the sequel.

The boundary traction conditions are

4
The n; are the components of the unit normal given with respect
to the spatial frame. The p* are components of the applied

p* = aij*ni((sjs+us,j)
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surface traction referred to the spatial frame and taken with
respect to initial areas. A brief derivation of these component
forms of the equations from the vector form is given in the
Appendix.

If relative extensions and shears are small then the final areas
and volumes are equal to the initial areas and volumes so that
o,* =0, X* = X, and p* = p, where o;;, X,, and p, are the
actual stresses, body forces and surface tractions, respectively.
These approximations will be adopted in the work that follows.
Thus, the governing equations become

[(5js+“s.j)‘7ij],i+Xs =0 (5)
Ps = 0ij ni(ajs+ us‘j) (6)

III. Perturbed Equations

The problem of interest here is that of a body that is in a state
of nonuniform initial stress which is in static equilibrium and
subjected to a time varying incremental deformation. Following
a technique described by Bolotin® the following quantities are
introduced

Uy = ug+ug ™
6;;=0+0; ®)

Ps = ps+Aps+p; ©)
Xs=Xs+AXs+Xs_piis (10)

where, for example, i, u,, and i, represent the final displacement,
initial displacement, and the perturbing displacement, respec-
tively. The terms Ap, and AX represent changes in the initial
surface traction and body force due to the perturbation. The
term — pu, is the inertia force due to the perturbation and the
superior double dot denotes the second partial derivative with
respect to time.
The final state of stress satisfies Egs. (5) and (6)

[(6js+as,j)ocij1i+)?s =0 (11

Py =6,;n{0;5+ 1) (12)

Substitution of Egs. (7-10) into Egs. (11) and (12) and using the
fact that the initial displacements and stresses satisfy Eqs. (5) and

(6) too gives the following equation for the incremental stresses
and displacements:
(O-ijus,j),i + [6ij(5sj+“s,j+ﬁs,j)],i +AX + X~ piis =0 (13
ps+Ap, = [‘Tij as,j+6ij(5js+“s,j+ as,j)]ni (14
A theory akin to classical conservative and nonconservative
buckling is of interest here. It is assumed that the perturbation
is so small that the product 6,;u,; may be neglected, thus
linearizing the equations, and the initial displacement gradients
are also so small that the terms o;;u, ; may be dropped which
further simplifies the governing equations. This results in the
following set of simplified linear equations:

(046, ) 1+ 0is i+ X +AX, = pi, (15)
i+ 0 (16)

ﬁs+Aps = (o'ij'zs,]

IV. [Initially Stressed Plate

The incremental displacements are assumed to be of the
following form:

Uy (xy, Xp, X3, 1) = uy{xy, Xo, )+ X34 (xy, X5, 1) (17)
(X1, Xg, X3, 1) = Uy(x, Xp, ) +X3Y5(x1, X3, 1) (13)
Us(xy, X5, 1) = w(xy, X5, 1) (19)

Such a displacement field is like the one Mindlin* used in his
derivation of the equations for a noninitially stressed thick plate.
This field includes the effect of transverse shear. iz, and i, are
the in-plane displacements and ii5 is the lateral deflection of the
neutral surface. u,, u,, and w are displacements of the neutral
surface. ¥, and ¥, account for the effect of transverse shear.
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The incremental stress-displacement relations are taken to be
those of linear elasticity

G = (E/l_vz)(ﬁ1,1+va2,2) (20)
Oyp = (E/I*VZ)(a2,2+"ﬁ1,1) (21)
Gy = Gdy 5 +ily ;) 22)

Gy = K2GH(id, 5+ ) (23)
Gy = K*GH¥(ily 3+ 13 ) 24

where G* takes into account the effects of transverse isotropy.
If G* = G the material is isotropic. Substituting Eqs. (17-19) into
Egs. (20-24) gives

Gy = (E/l_"z)(“m +x31//1,1+vu2,2+vx3¢2’2) (25
632 =(E1=v)(u,, +x3p 2+ VU + VXY ) (26)

G2 = Gluy 5 +X3¥y 3+, +x3¢2,1) 27
O3 = KZG*(¢1 +wy) (28)
O3 = KZG*('/’2+W,2) (29)

In order to give clarity to the integration procedure it is useful
to partially write out Eq. (15)

(0iji11,7)+ G+ X1 +AX, = pily (30)
(0412, + 612+ X, +AX, = pii, (31
(Gija3,j),i+6i3,i+X3+AX3 = Pﬁa 32

Equations (30-32) are due, respectively, to the x;, x,, and x;
components of the stresses and inertia terms. Thus, integrating
Eq. (30) through the thickness of the plate will result in the
force equation for extension in the x,-direction. Similarly,
integrating Eq. (31) through the thickness will result in the force
equation for extension in the x,-direction. Integrating Eq. (32)
through the thickness results in the shear force equation in the
x;-direction. Multiplying Eq. (30) by x; and integrating through
the thickness results in the x,-moment equation. Finally, multi-
plying Eq. (31) by x; and integrating through the thickness
results in the x,-moment equation. Since there are five unknowns
this procedure gives the five equations necessary for a well posed
problem. Keeping the inertia terms in Eqgs. (30) and Eq. (31)
accounts for rotary and extensional inertia effects. This discussion
is summarized below.

rh/2

x,-extensional equation Eq. (30) dx, (33)
J w2
f*hi2

x,-extensional equation Eq. (31) dx, 34)
J—h2
rhi2

X 3-shear equation Eq. (32) dx, (35)
J—hj2
rhi2

X,;-moment equation x5 Eq. (30) dx, (36)
J—h/2
fhi2

X,-moment equation x5 Eq. (31) dx; 37
o —h/2

Before performing these integrations it will be helpful to define
the following initial stress resultants and material parameters.
All integrals are from — h/2 to h/2.

N,= j"udxs’ Ny = Iazzdxav N,= j'a33dx3
Ny = Jo,2dx,
0.*= j'x3013 dx;
0= jxs“zs dx (38)
M, = j'a“x_,, dx;, My = .f“zzxa dx,, M, = j'0'12x3 dx;
M* = §611x32dx3, My* = _f022x32dx3,
M, * = j012x32dx3
9 = En¥/12(1—v?), Gh3/12 = 2(1—v)2
(39)
Perform the integrations indicated in Eqgs. (33-37). Then use
the stress-displacement relations [Egs. (25-29)] and definitions
[Eqs. (38-39)]. It is necessary to perform the integrations before
using the stress-displacement relations in order to attach proper
meaning to body force and lateral loading terms. This procedure

Q.= .f“m dxs, Q,= j“’zs dxs,

D = Eh/(1—+?),
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gives the following governing equations for the incremental
displacements.}
The x,-extension equation is
D(uy,; +Vuy ) 1 +Gh(uy p +us4) 2+
(Nx“1,1+MxW1,1 +ny“1,2‘*‘Adxy‘/’1,2+§"’1Q;‘),1 +
(Ny“1,2+My‘/’1,2+ny“1,1 +Mxy¢l,1 +‘1’1Qy),2+fx =
phiiy (40a)
where
W2 . )
fx=J (X, +AX )dxzy+uy (03,7 —03, )+
—h/2

h - -
5¢1‘1(031++°’31 )+“1,2(632+“032 )+

h _ L o
ilﬁl,z(asf"‘asz )H (033" —0337)+63; " — 034
(40b)

The (+) and (—) imply that the stresses are evaluated at the
top and bottom faces of the plate, respectively. The terms
containing the initial stresses arise from the change in the initial
load brought about by the incremental deformation. The barred
stresses are due to the load causing the incremental deformation.
Similar discussions hold for the remaining equations.

The x,-extension equation is

Ghluy 3 +uy 1) 1+ DUy s +vuy )+
(quZ,l +Mxlp2,1 +nyu2,2+Mxyw2,2+Qx‘l/2),l +
(Ny“2,2+My ‘pz,z +ny Uz 1 +Mxy l»I/2,1 +Qy‘f’2),2 +fy =

phii, (41a)
where

2
f‘yZJ (X, +AX ) dxy+uy (04, ~05,7) +
—w2
5‘//2,1(0'31+ +‘731—)“‘“2,2(‘732+ ~03, )+

5‘»”2,2(‘732+ +032 ) HYa(0337 —0337)+03," — 63,
(41b)
The x;-shear force equation is
K*G*h[(Y1+w, )1+ W2 +w2) 2]+ (New; +Noyw o) +
(Noyw +N,w,) 5 +q = phW (42a)
where

2
qzj (X3 +AX )dxy+w (05,7 —03;,7)+

—hj2
W03, =03, )+ 633 —d337 (42b)
The x,-moment equation is

9
DWWy +Woo), + 7(1_")(‘#1,2"“#2,1),2"'
(qu1,1+Mx*ll/1,1 +Mxyu1,2+Mxy*l//1,2+Qx*l//1),1 +

(Mxy“1,1+Mxy*¢1,1 +Myu1,2+My*lpl,2+Qy*!//1),2—‘
Qx“l,l*Qx*‘//1,1_Qy“1,2—Qy*1//1,z”Nz‘//1‘

3

W
K2G*h(Yy +w )+ m, = pTz ¥, (43

w2 o h
mx:j (X1+AX1)x3dx3+5|:u1'1(a31++a31')+
—hj2

5‘4*’1,1(0'33_0'317)*”“1,2(‘73{r +03,7) +

h _ s o
5‘1’1,2(032+ =033 )HYa(0337 +0337)+G15" +03 J
(43b)
1 Note that the incremental displacements as defined by Eqgs. (17-19)

do not have a superior bar. These displacements should not be
confused with the initial displacements of Eq. (7).
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The x,-moment equation is

2(1_ V)(‘/’1,2+'/’2,1),1 +@(l/’2,2+‘"p1,1),2 +

2
M uy +M ¥, My, + M5, + Q.55 +
(Mxy Uz +Mxy*l//z,1 +Myu2,2 +My*‘/’2,2 + Qy*‘l’z),z_
0, Uy 11— Qx*'/’z,1 - Qy Uy 2~ Qy*‘//z,z =N, ¥,—
KEG*h(Y,+w ) +m, = p(R*/12)),  (44a)
where

W2 h
my_—.J (X2+AX2)x3dx3+§|:(U31++0'31_)u2.,+

—h/2

5(031+ —034 <)‘/’2,1 '*’(0'32Jr +0327)“2,2 +

h + - + - = o+ = -
5(0'32 —03; )'//2,2+(‘733 +033 Wot+0y3" +0,
(44b)

The boundary conditions on the edge of the plate are con-
sidered now. On the edge of a plate the n; component of the
unit normal is zero. If Eq. (16) is phrased in terms of stresses
normal and tangent to the edge then n, =1, n,=0 and n; =0
on the edge. Thus

pn+Apn = Unn an,n+6nr an,t+6n3an,3+€nn (45)
p.+Ap, =o,, Uyt Oy Uy 03ty 3+ 0y, (46)
p3+Ap3 = ann a3,n+anta3,t+6n3a3,3+6n3 (47)

where the subscripts n and ¢ denote the normal and tangential
directions of the plate’s edge, respectively. The terms containing
the initial stresses account for the change in the initial boundary
conditions due to the incremental deformation.

It is convenient to define the following resultants where all
integrals are from —h/2 to h/2.

Aan:jApndx3 anzjﬁndXS
AFnt = jApthZs Fnt = jptdx3
AF,; = IAps dx, Foy= jpa dxy (48)

AMnn:jAandeIi Mnn:.“pnx3dx3
AMnt = .prtx3dx3 Mnt :.“;tx."sdx}
Integrating Eqgs. (45-47) through the thickness yields the
boundary force conditions and integrating Egs. (45) and (46)
multiplied by x5 yields the boundary moment conditions. Then,
using the definitions (38) put in terms of normal and tangential
coordinates and applying the stress-displacement relations (25—
29) yields the following five boundary conditions:
an+Aan = Nnun,n+Mn‘//n,n+Nntun‘t+Mmll/n,t+injjn+
D(u, ,+ vu,’,) 49)
Fnt+AFnt = Nnut,n+Mnl/’t,n+Nm“z,t+Mm‘//t,t+Qn‘//t+
Gh(un,t + ut,n) (50)
Fy3+AF,3 = N,w,+N,w, +*G*hy,+w,)  (51)
Mrm + AMnn = Mn un,n + Mn*lpn‘n + Mnt un,t +Mnt*l//n,t +
QM+ DWW, ) (52)
Mnt +AM,, =M, Ut Mn*l//t,n +M,, Ut Mnt*wt.l +

7
Ot S =D Wt ) ()

Alternative displacement boundary conditions are

u'l = unn

Uy = Uy, 1

W=w,, (54)
b= J

lpt = l//nt

where the quantities on the right-hand side are prescribed.
If a rectangular plate were being considered the boundary
conditions would be rephrased in x;, x, coordinates. For
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example, on the edge x, is constant the unit normal has com-
ponents (0,1,0) and the subscript n corresponds to the x,-
direction while the subscript ¢ corresponds to the x,-direction.
Thus, for instance, Eq. (53) would become

M21 +AM,, = Myu1,2+M*l//1,2+Myxu1,1 +Myx*'//1,1+

0, + 5 1=V W, )

The plate equations derived here differ from those derived in
Ref. 5 where a variational procedure was used. In order to have
more confidence in the present equations they will be rederived
in the next section using the variational method.

V. Variational Derivation of the Plate Equations

Hamilton’s principle is used to derive the nonlinear plate
equations which will include the effects of rotary inertia and
transverse shear. The resulting equations are then perturbed by
an incremental deformation. The resulting equations are then
linearized to obtain the desired governing equations. The
procedure is the same as that used in Ref. 5 except that no
terms are dropped, explicit expressions are given for lateral
loading terms and Trefftz stresses are used throughout rather
than a mixture of stresses.

In deriving nonlinear equations using a variational procedure
care must be taken to use definitions of stress and strain that
are compatible. This is because stress and strain can be defined
in several ways and only certain combinations are physically
meaningful for a variational procedure. This problem does not
arise in the linear theory because there is no difference between
material (Lagrangian) and spatial (Eulerian) descriptions of
strains and stresses taken with respect to initial areas and
stresses taken with respect to final areas are identical. Further,
in the nonlinear theory a stress vector may be decomposed
along coordinate curves using either unit vectors or lattice
vectors, a choice that normally does not occur in the linear
theory.

Hamilton’s principle may be expressed as

5] (U—K—W,~W)dt =0 (55)

where U is the strain energy, K the kinetic energy, W, the work
of external forces, and W, the work of internal forces. Taking ®
as the strain energy per unit initial volume it can be shown!-?
that a compatible combination of stress and strain is the Trefftz
stresses and material (Lagrangian) strains. Thus

U=fy ®dV
K =3[y, piit;dV

W, = js,, p*v,dS (56)
W= jVaXi*UidV

also
6U=§V05®dV:jvooij*5eijdV (57)

where the ¢;* are Trefftz stress components referred to the
material coordinates, the e;; are material strains referred to
material coordinates, the v; are Cartesian displacement com-
ponents referred to the spatial frame, the p;* are Cartesian
components of the surface force per unit initial area, the X;*
are Cartesian body force components per unit initial volume, p
is the initial mass density, V, the initial volume, and §, the
initial boundary surface. Substituting Egs. (56) and (57) into
Hamilton’s principle, Egs. (55), yields

11
5[ [J ((D—Xi*v,-—%pﬁil')i)dV—J pi*v,-dS]dt (58)
1t LJdv, So

Assume that the stresses and applied forces do not vary. Then
taking the variation, integrating the kinetic energy term by parts
with respect to time and using the assumption that dv; vanishes
at ¢, and ¢, Eq. (58) becomes
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t1
j [J‘ (0:;%0e;;— X *ov,+ pi; 6v;) dV—J p;*ov; dS:l dt=0
t, LJv, 5,

(59)
The Lagrangian strain components are related to the displace-
ments by
€;; = %(Ui,j+ Uit U Uk,j) (60)
Assume the same form for the displacements as was used in
Egs. (17-19).

01(4, X, X3, 1) = 1y (X, X, 8) + Xq¥fr (X, X5, 1) (61)
V(X q, X5, X3, 1) = uy(xy, X5, 1)+ X3 5(x,, X5, 1) (62)
v3(X 1, X3, X3, 1) = WXy, X5, 1) (63)

Since the time integral in Eq. (59) is over an arbitrary time
interval the term in brackets must vanish. Substitute Egs. (60-63)
into Eq. (59). In the volume integral perform the integration
with respect to x5 through the thickness of the plate from - h/2
to h/2. Then define stress resultants in the same way as in
Eqgs. (38). Finally, perform all necessary partial integrations
needed to remove derivatives from the variations of the displace-
ments and collect terms that contain variations of the same
displacements to find

_Ij‘{[(Nx+qu1,1 +M 1)t (Nyuy s+ My o)+
(ny+nyu1,1 +Mxy‘//1,1),2+(ny”1,2+Mxy‘//1,2),1+
(Qx‘/’l),1+(Qy‘//1),2] 5“1+[(Mx+qu1,1 +Mx*¢1,1+
Mxyu1,2+Mxy*l/jl,2+Qx*lpl),1 +(My“1,2+My*‘//1,2+
Mxy+Mxyu1,l +Mxy*‘//1,1+Qy*l//1),2_Qx_Qx“1,1_
Qx*llll,l_Qyul,Z_-Qy*lpl,Z_Nzll’l] 5‘/’1+[(Nx“2,1+
M Y, + N+ Ny ot MW, +005)  +
(Ny+Nyu2,2+My‘/’2,2+ny“2,1+Mxy‘//2,1+
le//z),z] 5“2+[(Mx“2,1 +]\/Ix*‘sz 4']\4@‘*‘]\/1;;;,“2,2ﬂL
M o2+ Q%) s (M + M us , + MM, 5+
MxyuZ,l +Mxy*l/12,1+Qy*W2),z"Qx“2,1"Qx*'//z,l‘
Qy_Qy“z,z_Qy*‘/lz,z‘Nz l/’2] 5‘//2+[(wa,1+
nyW,2+Qx),1 +(Nyw,2+nyW,l+Qy),2] ow—

ni2
J (X 1 *0u; +x3 X %0y + X, *0u, + x3 X ,*0Y, +
—h/2

i
X3 *0w) dxs + phii ou,; + 81—2‘!]/15!//1 + phii you, +

.
pl—zlizzélllz—i-phv'\}éw}dxz dxs+ [[(N,+Nuy +

Mxy‘//1,1+Ny”1,2+My‘//1,2+Qy‘/’1)5“1+(Mxy+

Mxyul,l +Mxy*'//1,1 +My“1,2+My*‘//1,2+Qy*'//1)5‘P1+

(Ny+Ny“2,2+My‘//2,2+ny“2,1 +Mxyl//2,1+

le//2)5u2+(My+Myu2,2+My*l//2,2+Mxyu2,l+

M M5 1+ Q5 5) 0o+ (N, W, + Now  +Q,)dw]dx, +

.’l[(Nx+qu1,1+Mxl//1,1+nyu1,2+Mxyl//1,2+

Q) ouy + (M +Mouy  +M M (+M,uy o+

Mxy*l//1,z+Qx*'//1)5‘»[’1 +(ny+ny“2,2+Mxy¢2,2+

Nx“2,1+Mx'//2,1 +Qxl//2)5u2+(Mxy+Mxyu2,2+

M, 5y s+ M uy  + M 5, + 0.5, 00, +

(NoyWo+Now  +0,)ow] dx,— fg, pi*u;dS =0 (64)

In the last integral over the bounding surface no substitutions

have been made as yet. This integral may be written as a sum of
integrals over the bounding edge and on the faces of the plate.

2
J‘ pi*ov,dS = § f p;*ov;dxdC +
So Cod —hj2

JJ L Provdxydxs — Jj _p*ovdx, dx, (65)
4, 4,

where the first integral is over the edge and the last two are over
the top and bottom faces, respectively. Consider the integral
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around the boundary edge first and use Eqgs. (61-63) to find

h/2 h/2
§ J‘ p;*dv;dx, dC = § f L[p1*(0uy + x5 00 )+
Cod —2 CoJ —HI2

P2 (uy+x5 041 ,)+ py*ow] dx;y dC (66)
In the last two integrals in Eq. (65), Eq. (4) may be used in
order to find explicit relations for the lateral loads. On these
faces the components of the unit normal are (0,0, 1). Thus

f jAo* p*ov;dx,dxy — ( j‘A‘f pi*ov,dxydxy =

§ T p*ovidx, dxs|Z2 5 = § [ {loa (U +uy s +x30, 1)+

G32% Uy 5+ X3y o)+ 0335, J(Ouy +x30Y,)+

[031%(y; + X35 )+ 03,%(1+ Uy p+ X35 )+

033% Y] (Ouy +x300 )+ [03,*w | +03,*W , +033%] ow} x

dxydxs"%,  (67)
Equations (66) and (67) are substituted back into Eq. (65) which
is subsequently substituted back into Eq. (64). The integrals
around the edge can be phrased in terms of normal and tangential
coordinates. Use is then made of the fact that integrals on the
edge vanish separately from the area integrals. Finally, because
the displacements are independent and their variations are
arbitrary the following nonlinear equations for a plate including
the transverse shear and rotary inertia effects are found together
with the appropriate boundary conditions.
The x-extension equation is

(Nx+qul,1 +Mx‘//1,1 +ny“1,24‘]\’1;0:1//1,2+ Qxlpl),l +

(ny+nyu1,1 +Mxyl/ll,1 +Nyu1,2+Myl//1,2+le//1),2+

Jx=phi,  (68a)

where

2
foJ X, *dxy +(o5,*" ~

—~h/2

03* Y1 +uy )+
E(‘Tsi’kJr +03, Wy FH (032 =03, uy +

h _
5(0'32’“+632*_)l//1,2+(033*+_033* Wy (68b)

where the terms containing the stresses have come from
evaluating the appropriate terms in Eq. (67).
The x,-extension equation is

(ny+nyu2,2+Mxylp2,2+qu2,1+Mx'/’2,1+Qxl//2).1+
(Ny+1\'yu2,2+Myl//2,2+nyu2,1 +Mxyl//2,1 +le//2),2+

fy= phii;  (69a)
where

B2
fy=j X rdx,+(03,*"

~h/2

=03, ) (1+u, ;) +

h _ _
5(032“ F03,* Wo s+ (031* =03 Juy  +

h
“(531*++°'31**)‘//2,1+(033*+“"733*—)‘//2 (69b)
2

The shear force equation is
(Now +N wo+0) +(IN,wyr+ N w +0) ,+f, = phw

(70a)
where

B2
fzzj X3*dx3+(0'31*+—631*’)w’1+
—n2
(0'32*+“‘732*')W,2+(0'33*+“0'33*f) (70b)
The x,-moment equation is

(Mx+qul,1 +Mx*‘//1,1 +Mxyu1,2+Mxy*l//1,2+Qx*l//1),1 +

(Mxy+Mxyu1,1 +Mxy*l//1,1 +Myul,2+My*lp1,2+

Qy*‘l/l),z_ Q.— qul,l - Qx*‘//1,1_ Qy”1,2‘

ph®

Qy*‘//1,2_Nzl//1+mx=”E‘1j1 (71a)
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where

hi2 I’l
mxzj x3X1*dx+§(a31*++631*')(1+u1,1)+
—h/2
h? ®+ * - h *+ *—
7(0'31 — 031 )‘/’1.1+5(032 +03,% Juy ot

h? _ h -
?(032”_‘732* )¢1,2+5(U33*++533* Wy (71b)
The x,-moment equation is

(Mxy+Mxyu2,2+Mxy*l//2,2+qu2,1+Mx*l//2,1+

Q) s H(My+Myu, o+ M %5, o+ M us  + M s+

Qy*‘//z),z" Qy_Qy “2,2—Qy*‘//2,2“Qx Uy —

n .
QM= Nostm =00, (72a)

where

K2 h
my=j x3X2*dx3+§(032*++a32*")(1+u2,2)+
— w2
h? *+ %= h *+ *—
?(0'32 —032% Wi +5(031 +03* Juz +

2

h
7(0'31“—031*")'//2,1 +§(033*++033*A)l//z (72b)

The boundary conditions in terms of normal and tangential

coordinates are

F,.=N,+N, un,n+Mn ‘//n,n+Nntun,t+Mntl//n,t+ann

F,= Nnt+Nntut,t+Mnrll’t,l+Nnu!,n+Mnl/Jt,n+inpt
Fn3 = Nn W,n+Nnt w,t+Qn (733)
Loy =M, +M,u, .+ M5, + M, + M2, +0,%Y,
Ly=M,+M, U+ Mnt*'//r,z+ M, Uyt Mn*l//z,n + Q%Y

where

h/2 hi2 2
an = J‘ pn*dXS Fnt = J pt*dx3 Fn3 = j p3*dx3

—hi2 —h2 -/2

hy2 hy2
Lnn = J‘ X3pn* dX3 Lnt = J x3pt* dx3

—hj2 -n2

(73b)
Either the force conditions [Eq. (73)] or the respective displace-
ment conditions

U, = Uy
Uy = Up,
W= Wp3 (74)
Vo=V
Yo=Yn

are specified. The terms on the right-hand side of Egs. (74) are
given.

Equations (68-74) are the nonlinear governing equations for a
plate including the effects of transverse shear and rotary inertia.
The equations differ from those in Ref. 5 in that terms containing
M.* M* M * Q% Q% and N, are included here. Also,
specific relationships are given for the lateral loading terms
fo [y 1o my, and m, which are not given in Ref. 5.

In order to obtain the desired linear equations for a plate in
a state of initial stress it is necessary to introduce the following
perturbed quantities:

ay =u,+1u,, W=w+w
6 * =0, +06,* p*=p*+Ap*+5*
X*=X* +AX*+ X *

Uy = Uy+1y, (75)

Also
ii1=ﬁ2=W3=l'//'1=l2/'3=0
Introduce stress resultants of the form
N,=N_+RN, (76)
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with similar expressions for the remaining N’s, M’s, and Q’s.
These are defined as in Eq. (38), e.g.,

R h/2
NxZJ (011*+01,%)dx;

—h2
Further, the unbarred quantities are initial quantities which
satisfy the equilibrium equations [ie., Eqgs. (68-72) without
inertia terms]. .The barred quantities are the incremental
quantities and AX;* and Ap* are the changes in the initial
applied forces due to the incremental deformation.

The perturbed quantities satisty the equations of motion and
boundary conditions (68-74). Thus, Eqs. (75) and (76) are
substituted into these equations. Then the fact that the initial
variables satisfy the equilibrium equations is used to finally
yield nonlinear equations for the determination of the incremental
variables. If extensions and shears are small the stresses, stress
resultants, and applied loads take on the usual definitions in
that initial and final areas and volumes are identical. The
incremental stresses are assumed to satisfy the stress displace-
ment relations [Egs. (25-29)]. These are employed to replace the
incremental stress resultants by displacements. Finally, the equa-
tions are linearized and simplified in the same way as Egs. (13)
and (14) were by dropping products of incremental stress
resultants with initial and incremental displacement gradients.

There is no point in carrying this procedure through here
as the resulting equations turn out to be the same as Eqgs. (40—
54).

VI. Initially Stressed Classical Plate

The equations for an initially stressed Mindlin plate may be
reduced to those for an initially stressed thin plate with rotary
inertia by making the appropriate assumptions. Thus, the
following change to the displacement functions is made:

¥y, = —Wh
Yo = —Wa2

The stress displacement relations for the incrémental stresses
now are

W)

Gy = (E/l_vz)(‘h,l_X3W,11+V“2,2_"X3W,22)
G2 =Gluy g +uy 1 —2x3w 1) (78)
Gaz = (E/1=v*)(uy 5 —X3W 55+ Vity ; —VX3W 1)

with 6,5, d,5, and 655 unspecified. Since ¢,; and 6,; were

specified for the initially stressed Mindlin plate the following
changes must be made in Eqs. (42-44) for use here

2
K2G*h(y, +w )= Qx = j Gy3dx;y

W (79
KZG*h(l//2+W,2) = Qy = j Gy dxs

—h2

The equations for the initially stressed classical plate are

obtained by substituting Eqs. (77) and (79) into Eqgs. (40-44).

Then Q, and Q, (which are unspecified) are eliminated between

Eqgs. (42-44) to obtain the desired result.

D(u, , + V”z,z),1 +%D(1 —v) (uy 2+ “2,1),2 +
(ul,le_W,llMx+u1,2ny_W,12Mxy_ wi0J).t
(”1,1ny_ W,11Mxy+”1,2Ny'W,12My”w,1Qy),2+

fe=phiy  (80a)
where

12
fx:j (X +AX )dxs+uy (03,7 —03,7) ~
—w2

h

*“’,11(‘731+ +0'317)+U1,2(‘732+‘f7327) -

2
h

W03, 03,7 ) = w (03 —0337 )+

2
O3y =G (80D)
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DA —v)(u, , tuy )+ Dy +vuy )+
(ua, Ny—w M, +u, N, — WM —w,0),+
(U 1 Nyy—w M, +uy )N, —w oM, — w20,) 2+
f,= phii,  (8la)

where

hy2
fyzj (X2+AX2)dx3+u2,1(a31+—031‘)~

—h/2

h _
W03, " +0gy JHuy o3, — 03,7 ) —

2

_"",22(‘732Jr +‘7327)—W,2(033+ —0337 )+

2
Gy — 033" (81b)

3

ph”
I:W,le+W,2ny + TZ_W’l +m — W1+ Wy, +

_ * - *_ *
(“1,1Mx w M, +u1,2Mxy W,12Mxy w10.%),+

_ * _ *__ *
(uy, M, ,—w M ¥ +u, .M, w1 M F—-w 1 0%) ,—

“1,1Qx+W,11Qx*‘““1,2Qy+w,12Qy*+W,1Nz:| +
1
3

ph
[W,ley+w,2Ny + TZ“W,z +m,— D(W 11 +W33) 2+

—_ * _ * *
(up, M,—w M, +u2,2Mxy w,ZZMxy - W,zQx Yat
—_ * _ * *
(uZ,IMxy W,12Mxy +u2,2My W,22My ~W’2Qy ),2_

u2,1Qx+W,iZQx*_uZ,ZQy+W,22Qy*+W,ZNZ:' +q = phw
2

(82a)
where

2 h
mx=J‘ (X +AX )x;3dx, +§l:“1,1(031++531ﬁ)“

—~h/2

*“’,11(0'31+ _‘731¥)+“1,2(0’32++‘7327) -

2
h

W 1203, —03,7)—w (0337 +0337)+

2
513++5137} (82b)

w2 h B
myzj (X2+AX2)x3dx3+§,:u2,1(0'31++031 )—

—h/2

_ " _
EW,21(031+_031 J+uy (05,7 +03,7) —

7w’22(0'32+—632")—w,2(033* +0337)+

2
Gay " +o"23”:| (82¢)

B2
‘ZZJ (X3+AX3)dX3+W,1(0'31+_0317)'*‘

—h/2
W03, =03, )+ 0337 ~ 033 (82d)
The force and moment boundary conditions can be found by

changing Eqgs. (77-79) into normal and tangential coordinates
and substituting into Egs. (49-53)

Fo,+AF,, =N,y M, W+ Nythy = My W —
Q. W+ D(un,n + vuz,t)
Fo+AF, =N,u ,,—M,w o, +Nyu — M, w,— (83)
0,w,+ Ghlty + 1)
Fi3+AF,3 =N,w,+N,w,+0,
M, +AM,, = M u, ,—M*W , + My u, — M, , —
Qn*w,n - @(W,nn + vw,tt)
M, +AM,, = M, u, ,—M*w ,,+M_ u, ,—M *w, —
Q. w,— D(1=vw
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o

e
Poi

Fig. 1 Rectangular plate subjected to uniform tensile plus uniform
bending stresses in the x ;-direction.

The effective shear (Kirchhoff boundary condition) is given by
(M, +AM,) +F,3+AF,3 = §,3+AS,,
where
Su3+ AS,3 =N,w,+N,w,+ (M, Upo— MW+
M, Uy — Mnr*w,n - Qn*w,t” 2(1— V)W,nt],t + Qn (85)
0, can be determined by expressing either Eq. (43) or (44) in

normal and tangential coordinates, and by using Eqs. (77) and
(79). Alternative displacement boundary conditions are

u’l = unn
U, = U, (86)
w=w,

The same results can be obtained by proceeding as in Sec. IV
only the displacement field and the stress—displacement relations
are modified as in Egs. (77) and (78).

VII. Example Problem

Consider a simply supported Mindlin plate in a state of initial
stress. The state of initial stress is

G141 = Oy +2x30,,/h (87)
with all other initial stresses assumed to be zero. oy and o,, are
taken to be constants so the initial stress field is uniform. It is

comprised of a tension (or compression) plus bending, see Fig. 1.
From Egs. (38) the only nonzero initial stresses are

N, = hoy
M, = h?6,,/6 (88)
M * = ha,/12

Lateral loads and body forces are taken to be zero.
fofy @, my, my=0 (89)

The equations of motion (4044) simplify to

Moy 1+ Ny Dy gy vy 50)+Gh(uy 55+ us 15) =

phii,
M sy 10+ Nuy 1+ Ghlug oy +us 1)+ DUy 55 +vuy y5) =
phii,
Now iy +K2G*h(‘p1,1 +W,11)+K2G*h('//2,2+w,22) = phw
Mx*'/’1,11+qu1,11+~9(¢1,11+V¢2,z1)+ (90)
Gh?

ph3 .
Tz—(l/h,zz 'H//z,lz)” KzG*h(lljl +W,1) = E ¢1

3

Gh
M, l/’211'*‘]\4 Uy 1t (¢121+‘/’211)

.
V2

«@(I/’z,22+"l//1,12)— KZG*h(l/f2+W.2) = plZ
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The boundary condition Eqs. (49-54) are, for the simply
supported plate, on the x, = constant edges

w=0
Y, =0
u, =0 91)

Fi +AF =M Y+ N uy 1 +Duy  +vuy ;) =0
M +AM =M, +M uy + D+, ,)=0
and on the x, = constant edges

w=0 )
Y, =0
u, =0 92)

Fys+AF, =M, 4+ N juy 5+ D(uy 5 +vuy 1)=
My, +AM,, = M ¥, s+ My 5+ Dy 5+ Wy ,) =

Displacements of the following form satisfy the spatlal part of
Egs. (90) and boundary conditions (91) and (92).

w= W, sin (mnx1> sin <@n_bx£> exp (iwt)
=Y¥,,..cos < > )exp (iwt)

l/lZ = \len Sln <
u; = Ulm,,cos< ) )exp(zwt)

Uy = Usppy,sin < nxl)cos <@b—2> exp (iwt)
a

The displacements can be used to study the buckling and free
vibration behavior of the simply supported rectangular plate
under initial stress (87). Equations (93) are substituted into
Egs. (90). This leads to the following eigenvalue problem for the
determination of buckling loads, natural frequencies, and
coeflicients.

< )exp (iwt) 93)

ay; G3; Q33 Ay a3s || Wi |50 94)

v/
T

a/b

Fig.2 Buckling curves for the simply supported rectangular plate when
a/h =100, =0,S = 0.0001,n = 1.
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where
2.2 Ghnan
ayy = (N4 D) + o — pha?
a b
2
a4y, = 2 (vD+Gh)
a
a;3=0
2
7T
a14 = <r1> Mx
a
a,5=0
2
mnn
=0 (vD+Gh)
2 2
ayy = (’"—") (N, +Gh)+D (E> — phw?
a b
a,; =0
a3, =0
()
Qs =| — Mx
a
a;, =0
a;, =0

2 2
ay; = (?) (N, +x>G*h) + (%) K2G*h— phw*

mmn
A3q4 = ;KZG*h

ys = '%xzc*h (95)
<mﬂ>2
a, = — | M,
a
as,=0

a43=@x2G*h
a
mm\? Gh* /nm\? ph?
—{ = M*1 g DR Bthd 203%p, T 2
Ay <a>( D)+ 12<b) +Kk*G*h T
nm Gh3
g5 = Eﬂ?(\’@ + E)
a5, =0
mm\?
a52:(4> Mx
a

asy = %KZG*I’!

4 nm_, Gh? + v
= =70 —+ VY
T ab 12

2 Gh3 2 h3
dss = ('?) <Mx* + —) + (%) + 12 — o

12 12

Equations (94) are now nondimensionalized. Factor a/n from
the fourth and fifth columns which serves to replace ¥,,,, and
Y,.. by a¥,,./n and a'¥,,,/n, respectively. Multiply the first
row by a>2/Dr?, multiply the second row by (a/zD)?, multiply
the third row by a?/(m*x2G*h), multiply the fourth row by
a*/(n*%) and multiply the fifth row by @®/(z®%). Then, define
the following parameters:

B =oyloy
0 = 12G*h/D = 12*G*/hD
M = ph3/12% = ph/D
S — ER?/G*b%(1—v?) — Dh/b*G*
S, =N = 12N /h’D
k = (b/n)’S, = 12b°N Jn*h?D
K = (a/h)*/x?

transverse isotropy
parameter

buckling coefficient
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Q? = pa*w?/hn’xk*D
then taking x? = n2/12 gives*

Q = n®G*/hD = S(n/b)*
(3K)''? = 6a/nh

k/K = (b/a)*N /D
Q*/K = pha*w?/n*D

kS = N, /k2G*h = 12N /n*G*h

Q? has been nondimensionalized with respect to the first

Bernoulli-Euler beam frequency. Because of the nondimen-
sionalization procedure Eq. (94) is replaced by

bll b12 b13 b14 blS Ulnm
b21 b22 b23 b24 b25 U2nm

nondimensional frequency

b3, b32 b33 b34 bss W =0
byy bay bys bay bys [\ a¥y./m
bsy bsy bss bs* bss/ \a¥.m/m

where

by, =m?+n? <1~;> (@/b)? + m¥a/b)*k/K — QYK

1
b, = <—ﬂ> mna/b

2
byy =0
by, = m*(a/b)*(k/K)B/(3K)""?
bys=0

1
b, = <—%K) mna/b

bas = (na/b)? + (L} + (a/b)Zk/K) m— QYK
by =0

by, =0

bas = (ma/b)(k/K)B/BK)"

o} i
0 t ) 2 3 4 5
a/b
Fig.3 Buckling curves for the simply supported rectangular plate when
a/h=10,=0,5S=0.05,n=1.

I3 1 H
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B=10

O 1 1 1 1
(o] 1 2 3 4 S

a/b

Fig.4 Buckling curves for the simply supported rectangular plate when
a/h =10, =10,5=0.05n=1.

by =0

by, =0

by5 = (a/b)[m*+ kSm? +(na/b)*] — SQ?
by, = m(a/b)*

bss = n(a/b)®

by = SP(a/by'm*k/BK)'?
b, =0

bys = m(a/b)’

by =S {mz[(a/b)Zk/K +1]+ (?)(a/b)ziﬂ +(a/b)?/S— QZ/K}

bys = Smn(a/b)(1+v)/2

bs, =0

bs, = SP(a/b)’m’k/(3K)""?

bss = n(a/b)’

bs, = Smn(a/b)(1+v)/2

bss = S{m[(@/bYk/K +(1—v)/2] +(na/b)* +(a/b)*/S— /K )
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Several cases of buckling will be examined. Buckling is studied
by letting Q2 = 0 and seeking values of k (buckling coefficient)
for various values of the other parameters. Note that negative
k will correspond to compressive initial stress. Take v = 0.3.

In the first case just oy is acting so that gy, = 0 and therefore
B =0. Further, the plate is assumed to be thin by taking
afh = 100 and S = 10~*. The small value of S corresponds to a
large value of G* which implies that there is little transverse
shearing. It is expected that the results will correspond to
classical buckling theory of thin plates. In the usual manner a
plot is made of k vs a/b for various values of m with n=1
(actually the absolute value of k is plotted vs a/b since buckling
will only occur in the instances considered here when the initial
stress is compressive). The results are shown in Fig. 2. These
results agree with classical plate buckling theory.” This was to
be expected since Egs. (40—44) reduce down to Eqgs. (80-82), for
the thin plate assumptions, and these further reduce down to the
classical buckling equations in the case of the present problem.

In the second case a thick plate is considered. Again, with
just g acting f=0. Taking a/h =10 and S =0.05 plots of
k, vs a/b were made for m = 1-5 when n = 1. It can be seen in
Fig. 3 that the buckling coefficient decreases with the inclusion
of transverse shearing. How much it decreases depends on §
and therefore on the degree of transverse isotropy.

The third and final case to be considered is buckling in the
presence of an initial moment. Thus, oy and ), are acting. Taking
B =10, a/h = 10, and § = 0.05 the problem will be the same as

. the second case except that there is a uniform initial moment

distribution. Plots were made of k vs a/b form = 1-5and n = 1.
It can be secen in Fig. 4 that the initial moment distribution
greatly reduces the buckling strength of the plate. These results
must be looked at slightly askance from a quantitative point of
view. This is because including an initial moment distribution
could mean that initial displacement gradients are not negligible
and therefore could not be dropped in going from Egs. (13)
and (14) to Eqs. (18) and (19). This, of course, means a new set
of equations would have to be derived using the procedures
given in this paper.

VIII. Conclusion

The preliminary results indicate that the transverse shear
effects can decrease the stability of the plate and that initial
bending stresses can seemingly cause a drastic reduction in
stability. These results, though far from being complete, indicate
some of the many interesting effects that can be studied with the
present equations. Particularly interesting problems for future
study can be visualized for nonconservative buckling problems
as well as the effects of various initial stress fields on wave
propagation and vibrations of thick plates.

Appendix

Referring to Fig. 5 and following accepted procedures,' the
stress vector equation of equilibrium of the deformed body is
given by

e
30

ok 2
Odeldx3 + 3;édx1dx2dx3

/
]
i /
/
dx3 | o / d
—— 4 - ki RGN
SN W) TS
~ - AN
dx1 L N
d
7 *2
g
>* Q,
F
czdxldx3 b3

g
Pon

Y

Hy

Kax dxydxg Fig. 5 Equilibrium of a deformed element.
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H*
gldxzdxs/z \

Baa

x -
clexldxs/z csdxldxz/z

Fig. 6 Equilibrium with a surface traction.

O /0x; +X* =0 (A1)
where ¢;* is the stress vector referred to the undeformed ith
face area and X* is the body force vector referred to the
undeformed volume. Resolving ¢;* in the nonorthogonal lattice
vector (G) directions yields
a*=0,G; (A2)

where g, ;* are the Trefftz components of stress, referred to the
undeformed ith face area, which can be shown to be symmetric.!
Since G; = (0R/0x;) where R is the final state position vector it
is seen that§

G; = (0, +0u/ox )i (A3)
where i is the unit vector in the sth orthogonal Cartesian
direction. Decomposing X* into its i; components

X* = X *i, (A%)

§ Note that R =r+u= (X +u)i; therefore (GR/dx) = [0, +
(@ugox )i,
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and putting the results of Eqs. (A2-A4) into Eq. (A1) yields the
following scalar equations of equilibrium:

a
&[(5js+aus/axj)gij*] +X*=0 (A5)

Referring to Fig. 6, p* is the prescribed traction referred to the
undeformed oblique face, and noting that dA(i, n) = d4,/2, the
equilibrium of the deformed tetrahedron is given by

p* = (i mjo* = njg* (A6)

and by using Eqs. (A2) and (A3) and defining the i, components
of p as p.*, (A6) becomes

ps* = O’ij*ni[éjs_‘_(61'ls/axj)] (A7)
Equations (AS) and (A7) are the desired nonlinear equations

that describe the equilibrium condition and the surface tractions,
respectively.
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Buckling of Polar Orthotropic Annular Plates under Uniform
Internal Pressure

G. K. Ramaiag* aND K. VIJAYAKUMAR*
Indian Institute of Science, Bangalore, India

The problem of buckling of polar orthotropic annular plates under uniform internal pressure is analyzed by the
classical Rayleigh-Ritz method. Direct application of the method with simple polynomials as admissible functions
is found to be inconvenient for large hole sizes, particularly, in the case of both edges clamped. In such
situations, it is shown that the method in conjunction with a coordinate transformation introduced is convenient.
Detailed numerical investigations have been carried out with regard to the convergence of solutions as well as the
behavior of rounding errors in computations. Accurate estimates of critical buckling loads are obtained for various
hole sizes and rigidity ratios and for all combinations of clamped, simply supported, and free edge conditions. A
comparison with the results of isotropic plates has brought out some interesting features.

Nomenclature
a,b = radii of inner and outer edges, respectively
c = a*/(h*—a?)
C,S,F = clamped, simply supported, and free edge conditions,
respectively
D = Eh¥/12(1-v?)
D, =E, 13/12{1 - v, v,)
D, = Eyh3/12(1 = v, vy)
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D, =v,Dyg = vy D,

E, E, = Young’s moduli in radial and tangential directions,
respectively

h = thickness of plate

k = (Ey/EN? = (Dy/D,)"?

Di = uniform in-plane radial pressure at the inner edge

r, = polar coordinates of a point in midplane of plate

T = potential energy due to in-plane forces during bending

U, U = admissible functions

14 = strain energy due to bending

Wi(r) = lateral displacement

y =’ —a)Ab* —a?)

v,,vs = Poisson’s ratios

6,6, = normal stresses in radial and tangential directions, respec-

tively
Oy = shear stress



